De Sitter space, unlike its negatively curved relative, consists of two disconnected boundaries and a causally disconnected interior. In this paper, we argue that the connectedness properties of de Sitter space naturally encode the notion entanglement. We propose an holographic description of an inertial observer in terms of a thermofield double state in the tensor product of the past and future Hilbert spaces, whereby the Gibbons-Hawking formula arises as the holographic entanglement entropy between the past and future conformal boundaries. When considering the entanglement between the two interior Rindler wedges, we show-with no need of holography-that the entanglement entropy between two antipodal and causally disconnected observers is given by a quarter of the area of a pair minimal surfaces. These surfaces are the set of fixed points of an S 2 /Z q orbifold and their total area, when restricted to a single Rindler wedge, reduces to the area of the cosmological horizon (hence recovering the Gibbons-Hawking area law).
Introduction

The problem of de Sitter entropy
Astrophysical observations of distant supernovae [1, 2] indicate that our universe is increasingly expanding, driven by an small positive cosmological constant. As a consequence of the accelerated expansion, an inertial observer in de Sitter (dS) space is causally connected with only a subregion of the full spacetime, being surrounded by a cosmological horizon.
As pointed out by Gibbons and Hawking [3] , dS space exhibits a number of thermodynamic properties that resemble those of a black hole. Remarkably, just as in the black hole case [4] [5] [6] [7] , inertial observers in dS space detect thermal radiation at a temperature proportional to the inverse of the dS radius, with a corresponding thermodynamic entropy obeying the famous quarter of the area formula.
An universal description at the microscopic level of the thermal features of dS space remains unknown, mainly because of the lack of a UV-complete theory of gravity on a dS background [8] [9] [10] . However, several proposals have been made. These essentially follow two related approaches, both relying on asymptotic symmetries arguments and their possible central extensions, but differing on the region of spacetime where these symmetries are centrally enhanced.
Near-horizon symmetries. One of these approaches has been motivated by Carlip's derivation [11] of the Bekenstein-Hawking formula for the BTZ black hole [12, 13] , and it is based on the algebraic nature and affine (typically Virasoro) extensions of the near-horizon symmetries.
Following this approach and making use of the Chern-Simons formulation of three-dimensional gravity, Maldacena and Strominger [14] showed that the underlying symmetries at the dS horizon corresponds to an SL(2, C) current algebra at the boundary of a spatial disc, where the ChernSimon theory reduces to an SL(2, C) Wess-Zumino-Witten model, and where the dS entropy arises as the entropy of a highly excited thermal state, at an energy level roughly given by the (imaginary part of the complex) Chern-Simons level.
Later on, the analysis of the near-horizon symmetries was extended to any dimension and to arbitrary type of Killing horizon, including the dS horizon. By using covariant phase space methods [15, 16] and under a suitable set of boundary conditions, Carlip showed [17] that modelling the boundary of a manifold locally as a Killing horizon, the constraint algebra of general relativity acquires a non-trivial central extension given in terms of the gravity coupling constants, which determines the density of states at the boundary and gives rise, via Cardy's formula [18, 19] , to the quarter of the area formula.
Asymptotic symmetries at spacelike infinity. A second route to the dS entropy problem, originally proposed by Strominger in the context of the microstates counting of the threedimnsional black hole [20] and inspired by the Brown-Henneaux [21] construction of aymptotic symmetries of three-dimensional anti de Sitter (AdS) space, treats as the symmetry enhancement region the spacelike infinity of dS space. According to the dS/CFT correspondence [8, 22] , its precursors [23] [24] [25] [26] [27] [28] [29] [30] and refinements [31] [32] [33] [34] [35] [36] [37] [38] , the microscopic degrees of freedom giving rise to the dS entropy are encoded within a dual Euclidean conformal field theory located at the future infinity of global dS space. Within this framework, the Gibbons-Hawking formula has been correctly reproduced in three dimensions, in which case and under appropriate boundary conditions, the diffeomorphism transformation of the (spacelike) boundary Brown-York stress-energy tensor [39] produces, via an anomalous Schwarzian derivative, a central charge that is formally equal to the Brown-Henneaux central charge.
De Sitter entropy as entanglement entropy. More recently, following the rationale behind the study of CFT entanglement entropies through holographic techniques [40] [41] [42] [43] in the framework of the AdS/CFT correspondence [44] [45] [46] , an alternative path driven by the interplay between geometry and entanglement has been taken. It explores the possibility of understanding the entropy of dS space in terms of the entanglement entropy between disconnected regions of spacetime, each region arguably encoding some underlying quantum field theory states.
Pointing in this direction and making use of the dS/dS correspondence [47] , which states that gravity on dS space (near the horizon of a certain causal region) is dual to the low energy limit of a conformal field theory coupled to gravity on dS space of one lower dimension, it has been argued [48] that strong interactions between two coupled sectors of the dual theory yield a maximally mixed reduced density matrix. This translates into a Rényi entropy whose entanglement entropy limit can then be explicitly matched, under certain assumptions, to the Gibbons-Hawking entropy and more precisely so in the case of three-dimensional gravity.
Related investigations link the Gibbons-Hawking entropy to the area of analytically continued extremal surfaces in Euclidean AdS space [49] , and to the area of codimension two extremal surfaces stretching between the past and future infinities [50] . Interestingly, in the latter case, it was further suggested that four-dimensional dS space may be dual to a entangled state (of the thermofield double type) comprising two copies of the dual conformal field theory, with the dS entropy emerging from the entanglement between the two conformal boundaries (for related discussions see also [51] ). As we shall see in this paper, this intuition seems to be correct.
Summary and plan of the paper
In this work we shall argue that the entropy of dS space has its roots in the connectedness properties of the spacetime, and it should therefore be considered as a consequence of the nontrivial topology of it. We consider the entanglement between the two conformal boundaries as well as the entanglement between the two Rindler wedges of the dS interior. When analyzing the entanglement between the two disconnected boundaries, we find that the Gibbons-Hawking formula arises as the holographic entanglement entropy between the past and future infinities.
When studying the entanglement between the two Rindler wedges, our findings indicate that the entanglement entropy obeys an area law in terms of a pair of minimal surfaces that correspond to the set of fixed points of an S 2 /Z q orbifold.
The structure and the underlying reasoning of the paper goes as follows. We begin in Section 2 by reviewing the basics notions of classical dS geometry that are of importance for the next sections.
In Section 3 we specialize to the case of four dimensions and introduce a maximally extended set of static coordinates. In these coordinates, the dS line element becomes a fibration over a 2-sphere with the warped product form g = S 2 × w dS 2 , where w is a warp factor that depends on the polar coordinate of the S 2 , and dS 2 denotes (the radially extended) two-dimensional dS space. The extended coordinates system covers both, northern and southern Rindler wedges of the dS interior, and it describes the worldline of two antipodal inertial observers. The observers are causally disconnected and located at the north and south poles of global dS space (at opposites edges of the Penrose diagram). The S 2 factor defines the cosmological horizon and can be consistently deformed by azimutal identifications. The foliation g thus admits a one parameter family of deformations obtained through the orbifold S 2 /Z q , whose fixed points give rise to a pair of antipodal, codimension-2 defects with a local dS 2 geometry and endowed with a tension proportional to (1 − q −1 ). The tensionless limit q → 1 corresponds to the undeformed configuration.
The two antipodal defects contain the worldline of the corresponding antipodal observer, and hence can be interpreted as the response of the background geometry to the presence of massive, non-probe observers (with a probe limit equivalent to the tensionless limit).
In Section 4 we turn to the explicit calculation of entanglement entropy, first between the past and future conformal boundaries and then between the two antipodal bulk observers. In the case of boundary entanglement, our derivation relies on the following assumption and symmetry arguments:
⋄ We assume the existence of an holographic duality whereby quantum gravity on dS space is dual to two copies of a certain conformal field theory, one copy per boundary, and such that a bulk observer can be described in terms of a thermofield double state in the tensor product of the field theory Hilbert spaces. As a result, the observer density matrix is thermal.
⋄ Since the two boundaries of dS space have both the topology of a 3-sphere, there exists an obvious boundary replica symmetry (defined by discrete azimutal identifications) that makes the construction of a branched cover boundary manifold trivial, permitting the usage of the replica method [52, 53] to compute the boundary entanglement entropy. This replica symmetry extends into the bulk as the orbifold S 2 /Z q .
⋄ There exists an antipodal boundary symmetry [8, 22] mapping points on the past 3-sphere to antipodal points on the future 3-sphere, and that amounts to formulate the boundary field theory partition function on a single 3-sphere. In the low energy limit, the 3-sphere partition function can be translated to the Euclidean, on-shell Einstein gravity action on a single Rindler wedge (whose Euclidean topology is that of a 4-sphere).
Tying the above three elements together (and following the standard procedure to compute q-th power of the reduced density matrix) the Gibbons-Hawking formula arises in the tensionless limit of the q-th Rényi entropy computed from the future (or past) reduced density matrix.
As for the entanglement between disconnected interior regions, the analysis does not requires the notion of holography. In this case, assuming that the two antipodal bulk observers are entangled, we compute the corresponding entanglement entropy based on the following observations:
⋄ The Euclidean bulk geometry is given by the fibration g = S 2 × w S 2 . Hence, there exists a manifest bulk replica symmetry that once implemented deforms the S 2 geometry of the cosmological horizon into that of the S 2 /Z q orbifold. The bulk replica symmetry can thus be thought of as the observers back-reaction whose set of fixed points defines a pair of minimal surfaces, each with the topology of a 2-sphere.
⋄ There exists a bulk antipodal symmetry that maps every point of the northern Euclidean
Rindler wedge (which has the topology of a 4-sphere) to an antipodal point at the southern Euclidean Rindler wedge. This bulk antipodal symmetry permit to write the full quantum gravity partition with support on a single Rindler wedge.
Comprising these symmetry arguments and using standard semiclassical techniques to write the quantum gravity partition function in terms of the on-shell Einstein gravity action, we obtain the entanglement entropy
where F is the set of fixed points of the bulk Z q action.
The paper ends in Section 5 with a discussion of our results. We also include some potentially interesting directions for future work.
De Sitter space
In this section, we shall briefly introduce the key concepts regarding the geometry and thermodynamics of dS space which will be extensively used in the rest of the paper. For comprehensive reviews on the subject see [54, 55] and references therein. 
, and flat metric
The dS d hyperboloid (2.1) has the topology of R × S Global and conformal coordinates. The dS 4 hyperboloid can be foliated by 3-spheres through the parametrization
where −∞ < T < ∞ and y i parametrize the unit 3-sphere, viz.
This choice yields a globally defined set of coordinates on dS 4 , with induced metric
where dΩ 2 3 is the metric on the round unit 3-sphere. The latter can be further folliated by 2-spheres, with round unit line element dΩ 2 2 , as
where 0 ≤ Θ ≤ π and the points Θ = 0, π are conventionally refer to as the north and south poles of the (global) 3-sphere.
The causal structure of dS 4 can be exhibited by going to conformal coordinates, defined in terms of the conformal time τ , as
where thus −π/2 < τ < π/2, and such that
The conformal boundaries Static coordinates, inertial observers and Rindler wedges. An inertial observer O S located at the south pole of the global 3-sphere, thought of as a massive point-particle probe, is causally connected to its Rindler wedge Taking O S to follow the worldline
its Rindler wedge can be parameterized as
where −∞ <t < ∞, 0 r < ℓ, and
The above parametrization yields the line element
The metric (2.13) thus describes the worldline of the observer O S , located atr = 0, surrounded by a cosmological horizon H, placed atr = ℓ. Temperature and entropy. In order to zoom in on the near horizon region, one introduces a dimensionless parameter, sayε ≪ 1, asr
thus enforcingr → ℓ asε → 0. In this limit, the (r,t) sector of the line element (2.13) is well approximated by the Rindler geometry
Periodicity at finite temperature T dS = β −1 in imaginary timet ∼t + iβ, implies 
where A H = 4πℓ 2 is the area of the cosmological horizon and G 4 denotes Newton's constant in four dimensions.
De Sitter space with antipodal defects
The purpose of this section is twofold. We first introduce an extended set of coordinates that covers both, northern and southern Rindler wedges, and that describes the worldline of two antipodal and causally disconnected (possibly entangled) observers O N and O S . We then show that, in these coordinates, the S 2 geometry of the cosmological horizon admits a family of exact deformations defined through the orbifold S 2 /Z q , whose fixed points gives raise to a pair of antipodal minimal surfaces, each one containing the worldline of one observer.
Maximally extended coordinates
Coordinates. The hypersurface equation (2.1) can be fulfilled by parametrizing the embedding coordinates X ∈ M 1,4 as
The resulting line element
describes the union
of the Rindler wedges of two inertial observers
where we have chosen
It follows that
while −∞ < t < ∞, −ℓ < ξ < ℓ and 0 ≤ φ < 2π in each Rindler wedge.
The northern and southern observers O N and O S (as well as any other pair of points located at opposite hemispheres, i.e. with θ < π/2 and θ > π/2, respectively) are causally disconnected, as a light ray can never cross the equator θ = π/2.
The norm of the Killing vector ∂ t
is negative inside the two Rindler wedges (3.4) and null on its boundary at ξ = ±ℓ. The latter defines the bifurcated Killing horizon H, which has a fixed time topology of a 2-sphere of radius ℓ.
Topology and isometries. The line element (3.3) is a dS 2 fibration over S 2 , where the dS 2 factor is radially extended (recall that −ℓ < ξ < ℓ). The fibration preserves the manifest SL(2, R) isometries of dS 2 , which contains the generator ∂ t of Rindler time translations, while it breaks the manifest SO(3) symmetry of the S 2 factor down to a U(1). The latter is generated by the rotational Killing vector ∂ φ . Thus, for fixed θ / ∈ 0, π 2 , π , the manifest isometries of (3.3) form a U(1) × SL(2, R). For θ = 0, π, they are broken to SL(2, R), while only the U(1) factor is retained at the equator θ = π 2
.
Comparison with global coordinates. Comparing the parametrizations of the embedding coordinates X 0 and X 1 in equations (2.3) and (3.1), we find
From the first equation (and by the choice (3.7)), it follows that the worldlines of O N and O S are mapped to the north and south poles of the global S 3 , located at Θ = 0, π, respectively. From the second equation and by comparing the signs of X 0 , it also follows that
that is, the local time runs forwards in R N and backwards in R S .
Combining the Killing equation (3.8) with the first transformation in (3.9), we find that the cosmological horizon H is sent to the points (τ, Θ) of the Penrose diagram satisfying
represented by the two diagonals of the Penrose diagram, viz. 12) as displayed in Figure 3 down below.
Comparison with static coordinates. In order to map the extended coordinates system, that covers R N ∪ R S , to the standard static coordinates covering a single wedge, R S , we parametrize the unit static 2-sphere in (2.13) as
Comparison between the embedding space coordinates (2.12) and (3.1) yields the transformationŝ
and
The last two relations can be inverted as follows
Transformations (3.14)-(3.16) make explicit the map from the regions defined by extended system with 0 ≤ θ < π/2 and π/2 < θ π, to R N and R S , respectively. 
De Sitter horizon and Thurston's spindle
is a (closed and orientable) Riemann surface Σ, possibly endowed with a metric structure, with n marked points x i ∈ Σ, 1 ≤ i ≤ n, referred to as orbifold points. Locally, a neighborhood around an orbifold point x i is coordinatized by z i ∈ C/Z q i , where q i ∈ Z ≥1 is an integer termed as anisotropy parameter. We thus have the cyclic identification
One can choose a Riemannian metric g( Σ n ) compatible with the orbifold structure such that, in terms of the polar coordinate z i = re iφ and locally around an orbifold point x i , one has
The anisotropy parameters hence induce conical singularities on the metric g at every orbifold point, with deficit angles given by 19) so that in the limit 1 q i → 1 the point x i becomes simply a non-singular marked point.
Typically and in the simplest cases, an orbifold can be modelled as the quotient Σ = Σ/Γ of a smooth surface Σ by a discrete group Γ. A particular family of two-dimensional orbifolds are the spindle geometries S 2 (q 1 , q 2 ), which in the special case where the two anisotropy parameters are equal q 1 = q 2 = q, can be expressed as the quotient
On the unit S 2 , considering the angular coordinates (θ, φ), where 0 ≤ θ ≤ π and 0 ≤ φ < 2π, with Z q -orbifold points at the poles θ = 0, π, the spindle metric can be taken to be
where b = b(θ) is any smooth and positive function with the asymptotic behaviour
Orbifolding the horizon. Following the rationale just described and by means of the identification φ ∼ φ + 2πq −1 , the north and south poles of the horizon H ∼ = S 2 can be taken to be two Z q -orbifold points with the same anisotropy parameter q. By taking the quotient S 2 /Z q , the round geometry of H deforms into that of a spindle orbifold 2 . As a result, the dS 4 line element (3.3) takes the conically singular form 23) where the warp factor w(θ) = cos θ satisfies the boundary conditions
From here and in what follows, we denote the four-dimensional geometry (3.23) as
Due to the boundary conditions (3.24), the induced two-dimensional geometry at the orbifold points is given by 26) where the induced metric
We will refer to the codimension two submanifolds (Σ N , h) and (Σ S , h) defined in (3.26) as defects.
Locally, the manifolds dS 4 and dS 4 have the same curvature. However, globally they differ.
The nontrivial holonomy around the conical singularities induced by the anisotropy parameter q contributes with one δ-function singularity to the Riemann curvature tensor [57] for each orbifold point. In turns, the Ricci scalar
where R = R (q) | q=1 is the Ricci scalar of the regular manifold dS 4 , and δ Σ I is a projector onto the defects, viz. dS 4 f δ Σ I = Σ I f | Σ I . Integrating (3.28) over the conically singular manifold dS 4 yields the total action
which thus consists of a bulk integral, that excludes the submanifolds Σ N and Σ S , plus one copy of the Nambu-Goto action for each defect, coupled through the tension
This yields localized stress-energy tensors
with support on the defects Σ N and Σ S , respectively. The construction is illustrated in Figure 3 below. 
De Sitter entropy from entanglement
In this section we argue that the entropy of four-dimensional dS space follows from considering either the entanglement between the two disconnected conformal boundaries I − and I + or, alternatively, from the entanglement between the two causally disconnected bulk regions R S and R N .
Entanglement between disconnected boundaries
De Sitter holography. Despite the lack of an open/closed string-like duality in dS space, it has been argued that the rationale underlying the formulation of the AdS/CFT correspondence may somehow be extendable to positively curved backgrounds, wherein quantum gravity on dS space should be dual to an Euclidean, possibly non-unitary, conformal field theory defined on (or embedded in) the spacelike conformal boundaries I ± [8, [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . However, the current status of this duality is not completely clear and so far only two concrete examples of it have been found, namely the case of three bulk dimensions [32] -whose dual is an Euclidean Liouville theory-and the higher spin realization spelled out in [38] .
Here, we follow Bousso's approach to holography [27] [28] [29] and consider the past and future conformal boundaries I ± of dS space as two holographic screens. On general grounds, these are special hypersurfaces embedded on the boundary of a given spacetime which store all the bulk information of a manifold with boundaries, with a density of no more than one degree of freedom (or one bit of information) per Planck area. In the case of dS space, based on the observation that any null geodesic begins at some point p − ∈ I − and ends at some point p + ∈ I + , Bousso argued that an inertial observer in dS space can be characterized in terms of the pair of points (p − , p + ), and that half of the bulk region can be holographically projected along light rays onto the past infinity I − , and likewise the other half can be sent to the future infinity I + .
Relying on the previous arguments, hereafter we shall adopt an holographic scheme that comprises the following working hypotheses:
⋄ There exists an holographic duality between quantum gravity on dS space and two copies 3 of a certain conformal field theory, one copy for each boundary, such that the Hilbert space corresponding to the bulk Rindler wedge R S is equivalent to the tensor product of the past and future CFTs Hilbert spaces, viz.
and such that the partition functions
Furthermore, we assume the existence of an infrared limit in which the quantum gravity theory admits a low energy description in terms of Einstein gravity, where the partition function Z QG is well approximated by the Euclidean on-shell gravity action as
In this limit, (4.2) becomes
⋄ The density matrix corresponding to an static observer is thermal
where the "observer state" |O S can be holographically described by the thermofield double
with the boundary modular Hamiltonian H|n I ± = E n |n I ± .
As we shall now see, the set of equations (4.1)-(4.6) provides an holographic framework from which the area formula for the entropy of dS space can be derived from the entanglement between boundaries.
Before turning into the explicit entropy calculation, let us first compute the on-shell gravity action I E [R S ] appearing in (4.4). Using the line elements (3.21) and (3.23), with the metric h given in (3.27), we have
Here, since we are only considering the southern Rindler wedge R S , the integral in θ should be taken in the domain θ ∈ (π/2, π] (as indicated in (3.7)), and its value is 1/3. We have also made use of the value of the tension (3.30) and the Einstein's equations ℓ 2 R µν = 3g µν . Finally, we have denoted by the area of the southern defect as A Σ S , which in turns is given by
where the Euclidean time t E ∈ [0, β), with β = T −1 dS = 2πℓ, and where we observe that the area of the defect equals the area of the cosmological horizon, viz.
Hence, the on-shell value of the gravity action is
Note that, in the tensionless limit q → 1, one recovers the standard result in which the on-shell gravity action equals minus the Gibbons-Hawking entropy I E ≈ −S dS . 4 This hypothesis is consistent with Maldacena's reformulation of the dS/CFT correspondence [37] in terms of the Hartle-Hawking wave function, viz. Ψ dS = Z CFT , whereby bulk correlators are computed using the probability measure |Ψ dS | 2 = Ψ * dS Ψ dS . This, in turn, suggests an holographic picture that comprises two copies of the boundary field theory. Relying on the above argument, the possibility of an holographic duality between dS space in four dimensions and a state of the thermofield double type was first discussed in [50, 51] . We thank K. Narayan for clarifying this point to us.
Holographic entanglement entropy. Let us consider the two disconnected conformal boundaries I − and I + as two entangled and complementary subsystems, each of them carrying a copy of the dual field theory. The amount of entanglement between future and past CFTs is encoded within the entanglement entropy
where the reduced density matrixρ I + := tr I − (ρ total ), withρ total denoting the density matrix of the total boundary system I − ∪ I + (we use the normalization trρ I + = 1).
The entanglement entropy (4.11) can be alternatively obtained as the limit 12) where the standard method to compute the q-th power of the reduced density matrixρ I + is the replica trick [52] . In a general context, this prescription begins by first constructing a q-fold branched cover, say B q , of the conformal boundary B =: B 1 wherein the field theory is defined.
In order to build up B q , one simply needs to replicate q times the original boundary B along the entangling region B ′ ⊆ B (whose entanglement entropy is being computed). Due to the cyclicity of the trace operation, the branched cover B q naturally admits a Z q action, whose fixed points are the boundary of the entangling region ∂B ′ , referred to as the entangling surface.
The replica argument can be adapted to the disconnected dS boundaries as follows. First, using the fact that null geodesics induce the antipodal map 5 [8, 22] π : S It follows that
5 By considering the embedding S d ֒→ R d+1 , with embedding coordinates X 0 , ..., X d ∈ R d+1 , the antipodal map π : R d+1 −→ R d+1 is defined as the composition of d + 1 reflections, each acting on one coordinate as
Next, we observe that B admits an obvious Z q action that can be naturally treated as boundary replica symmetry. This is given by discrete azimutal identifications and its set of fixed points have an S 1 topology. Indeed, considering the metric on the boundary 3-sphere as 17) leaves invariant the points on the meridian ring defined by χ = 0, π (where each value of χ contributes with half of the ring).
Finally, we note that the boundary manifold (4.15) can be alternatively assembled as
Here, the antipodal symmetry (4.13) acts separately on I − and I + , giving rise to two hemispheres 19) which can be glued together along the S 1 -fixed points of (4.17). Upon stereographic projection of B, I + /π becomes the entangling region with boundary the set fixed points of the replica symmetry. The complete maneuver is illustrated in Figure 5 below. From the previous reasoning, the q-th power of the reduced density matrix can be computed in terms of the CFT partition function on the branched cover B q as [53] trρ 20) and consequently, using the isomorphism B ∼ = I + ∼ = S 3 log trρ
Next, we observe that the replica Z q symmetry extends from the branched cover boundary manifold into the bulk, where it is captured by and implemented through the orbifold dS 4 = dS 4 /Z q .
We can then write
and therefore log trρ
Taking the q-derivative of the expression above and evaluating at zero tension, it follows that the entanglement entropy (4.12) 24) which is exactly the Gibbons-Hawking formula (2.17).
Entanglement between disconnected bulk regions
The two causally disconnected bulk observers O N ∈ R N and O S ∈ R S are naturally entangled. As we shall now see, this bulk notion of entanglement can be understood with no need of holography.
We begin our bulk analysis by observing that the maximally extended coordinates devised in Section 2 made manifest the existence of a bulk antipodal symmetry. This symmetry maps every point inside the (properly Euclideanized) northern Rindler wedge R N to an antipodal point on R S (and viceversa). Thus, when modded out, the bulk antipodal symmetry enables to describe the bulk topology in terms of a single 4-sphere. Moreover, when restricted to a 3-sphere, the bulk 6 In the context of holographic entanglement entropy in AdS space, the standard approach is first to assume the extension of the boundary replica symmetry into the bulk M q [58] and then implement the Z q action through the orbifold M q = M q /Z q , where locality of the gravity action implies that
However, in our current analysis the intermediate step of constructing the branched cover bulk manifold, say dS 4,q , is not required as the replica symmetry Z q is already inherited by dS 4 .
antipodal symmetry induces an smaller antipodal symmetry on the 3-sphere, that we interpret as the boundary antipodal symmetry used previously to study the entanglement between the two disconnected dS boundaries.
Bulk antipodal symmetry. Upon Wick rotation, the two Rindler wedges R N and R S acquires separately the topology of a 4-sphere 7 . The Euclidean bulk topology is hence that of
Using the Euclideanized embedding coordinates introduced in (3.1), it is possible to define the invertible antipodal map
by the parametric shifts 27) where thus
Indeed, recalling that 0 ≤ θ < π/2 for R N and π/2 < θ ≤ π for R S , it is straightforward to verify that (4.27) sends every point in S In particular, the northern observer is mapped to the southern observer, Π(O N ) = O S .
The existence of the map (4.26) amounts to effectively describe the bulk topology as a single 4-sphere modulo antipodal symmetry, viz.
Thus, we have the isomorphisms
30) 7 We recall that an Euclidean Rindler wedge has the topology of a single 4-sphere of volume Vol(S 4 ). This 4-sphere is the same that the one obtained by Wick rotation of the global metric (2.4). When considering the extended coordinates (3.3), direct calculation shows that
where the integration over each Rindler wedge contributes with a factor of one to the total volume above.
that provide three equivalent domains of integrations in terms of which the gravitational partition function can be formulated.
The map (4.26) can be restricted to a 3-sphere inside the 4-sphere (4.29). In terms of the embedding coordinates (3.1), this is simply done by setting X 4 = 0. Alternatively, in terms of the 4-sphere coordinates, this restriction is obtained by going to the meridian φ = 0. In either case, one induces the symmetry
where π : S 3 → S 3 is the antipodal symmetry that acts by the shifts (4.27) evaluated at φ = 0.
It is direct to verify that
We identify the symmetry above with the boundary antipodal symmetry (4.13).
Entanglement entropy. The entanglement entropy between the northern and southern observers O N and O S can be computed without requiring holography. For this, we shall assume the existence of some quantum gravity theory on dS space whose infrared limit reduces to Einstein gravity. In this limit, the quantum gravity partition function can be approximated by the Euclidean on-shell Einstein gravity action. Importantly, the antipodal symmetry (4.26) implies that the bulk partition function has support on a single 4-sphere.
Following the same logic as in Section 4.1, we treat the two Rindler wedges as two complementary and entangled subsystems. The entanglement entropy between northern and southern observers is given by 33) where the reduced density matrixρ 34) andρ total is the density matrix associated to the total bulk system R N ∪ R S . As usual, the entanglement entropy (4.33) is more conveniently computed as the tensionless limit
Here, by means of the replica method, we compute
where we recall that, modulo antipodal symmetry, the total bulk topology is that of a 4-sphere.
In the expression above, we have denoted the branched cover of the 4-sphere as S 4 q . Taking the logarithm and using the semiclassical approximation Z QG ≈ exp(−I E ), with I E the on-shell gravity action (4.10) on R S ∼ = S 4 , it follows that log trρ
In the above, we have made use of the locality of the gravity action to write
The manifold S 4 /Z q is by construction an Eucludian Rindler wedge plus the corresponding defect.
Its on-shell value is that of (4.10), with tensionless limit I E ≈ −πℓ 2 /G 4 . Altogether gives log trρ
We conclude that the entanglement entropy (4.35) is given by
Area law and bulk Z q -fixed points. The boundary and bulk entanglement entropies (4.24) and (4.39) differ by a factor of 2. This additional factor can be understood in terms of the fixed points of the Z q action on the Euclidean bulk geometry as follows. Transforming the metric (3.3) via the changes 42) we find that the Euclidean bulk geometry is given by the warped product 43) where the left and right 2-spheres (labeled by L and R) are identical, and they both admit a Z q action (discrete φ and ϕ identifications). Then, when actually implementing the Z q action, there are two possible choices. If we act on S 2 L , the set of fixed points F L is given by two copies of S 
Likewise, if we act with Z q on S 2 R , the corresponding set of fixed points is given by
In either case, the set of fixed points is exactly the same (with the warped factor w not playing any significant rôle). Denoting by F the set of fixed points of the Z q action, we thus have
Hence, we can rewrite the bulk entanglement entropy (4.39) as the area law 47) where the area is that of the set of fixed points F , which is different (by a factor of 2) to the area of the cosmological horizon H. When considering a single Rindler wedge, the left factor in (4.43) should be restricted to only a half of a 2-sphere (since in this case θ runs either from 0 to π/2 in the case of the northern wedge, or from π/2 to π if considering the southern wedge), so that the set of fixed points is given by a single factor of S 2 and its area thus equals the area of the cosmological horizon, viz.
Area(F ) = Area(H) . (4.48)
When this is the case, the entanglement entropy (4.47) reduces to the Gibbons-Hawking area law.
Discussions
In this paper, we have derived the Gibbons-Hawking entropy of dS space in four dimensions.
We have first considered the holographic entanglement between the past and future infinities.
Assuming that each of these boundaries carries one copy of the same dual conformal field theory, we have proposed an holographic description of a bulk inertial observer in terms of a thermofield double state in the tensor product of the past and future field theory Hilbert spaces. Consequently, the observer density matrix is thermal and the corresponding Gibbons-Hawking area law follows from the holographic entanglement between the two disconnected boundaries of the spacetime.
We have also considered the non-holographic entanglement between the two interior Rindler wedges, in which case we found an entanglement entropy that obeys an area law
where F is the set of fixed points of the Z q action on the bulk geometry. When restricted to a single Rindler wedge, the area of F equals the area of the cosmological horizon and the entanglement entropy reduces the Gibbons-Hawking entropy formula.
The above results seem to indicate that entanglement follows directly from the connectedness properties of the spacetime manifold. In this sense, our findings align with previous ideas [59] [60] [61] in which entanglement follows from topology. Regarding the physical interpretation of our results as well as directions for future research, we shall now elaborate on what we consider are the most relevant ideas underlying our construction and whose generalization and further study might be of interest.
Boundary symmetries from bulk symmetries. There are two fundamental bulk symmetries, namely a Z q symmetry and an antipodal symmetry. We interpret the bulk Z q symmetry as a residual symmetry; massive observers in dS space back-reacts in such a way that the SO (3) symmetries of the cosmological horizon are broken down to a discrete Z q . This back-reaction gives rise to a pair of codimension-2 defects that contain the worldlines of the observers, and that are defined by the fixed points of the orbifold S 2 /Z q . When restricted to the boundaries, the bulk Z q symmetry translates into a boundary replica symmetry whose fixed points extends into the fixed points of the bulk Z q symmetry as
The bulk antipodal symmetry sends every point in a Euclidean Rindler wedge into a point in the antipodal wedge (in particular, it maps one observer into the other) and it amounts to write the bulk gravity partition function with support on a single 4-sphere. When restricted to the boundaries, it translates into a boundary antipodal symmetry that maps every point on the past 3-sphere to an antipodal point on the future 3-sphere.
The existence of these two bulk symmetries indicates that the boundary replica and antipodal symmetries are not truly fundamental as they both arise as restrictions to the boundary of a bigger bulk symmetry.
Horizon, defects and minimal surfaces. The extended coordinates system introduced in Section 3.1 provides an Euclidean foliation of the bulk geometry as g = S 2 × w S 2 . The left S 2 factor defines the cosmological horizon and the right (warped) S 2 sector is an extended Euclidean dS 2 space (where we recall that the domain of the radial coordinate extends to −ℓ ≤ ξ ≤ ℓ).
When modding out the bulk Z q symmetry, we have chosen, as in Section 3.2, to act on the left S 2 factor so that the worldlines of the two antipodal observers are contained within the corresponding defect induced by the S 2 /Z q orbifold. However, the Z q action can be alternatively implemented by orbifolding the right S 2 factor. Although under the latter choice one looses the interpretation of the bulk Z q symmetry as a residual symmetry originated from the observers back-reaction, in this case the set of fixed points becomes explicitly defined by (two copies of) the cosmological horizon.
Whatever choice we made, we obtain a topologically equivalent set of fixed points. Moreover, since the orbifold singularities are resolved by coupling to the gravity action one copy of the Nambu-Goto functional for each orbifold point, the set of fixed points gives rise by construction to a pair of minimal surfaces, whose total area equals four times the bulk entanglement entropy.
De Sitter energy and holography. In four dimensions, pure dS space has zero energy [33] .
This can be visualized in a simple way from the canonical thermodynamic relation βF = βE−S dS , where β = T −1 dS = 2πℓ. Here, the Gibbs free energy is defined by the (quantum) gravity partition function and it is well approximated, in the semiclassical limit, by the on-shell gravity action, that is βF = − log Z QG ≈ I E . Since the on-shell value of the Euclidean Einstein-Hilbert actionwithout boundary terms-equals minus the value of the dS entropy, I E ≈ −S dS , it follows that E = 0. However, based on the holographic description of a massive inertial observer proposed in Section 4.1, a non-vanishing notion of energy may be defined.
Indeed, the holographic duality between an inertial observer and a thermofield double state |O S ∈ H I − ⊗ H I + implies that the observer density matrix ρ O := |O S O S | is thermal. Furthermore, the entanglement entropy S E = −tr(ρ O log ρ O ) obeys the canonical relation βF = β H − S E . In this case, the thermal free energy is defined in terms of the boundary field theory partition function βF = − log Z CFT and H is the modular Hamiltonian. In the low energy limit, the partition function is given by the Euclidean on-shell gravity action βF ≈ I E [R S ], which now includes a Nambu-Goto boundary term (see Equations (4.7) and (4.10)). Then, using the fact that the entanglement entropy equals dS entropy, one finds
This suggest the possibility of defining the four-dimensional dS energy in terms of the expectation value of the boundary modular Hamiltonian E := H . Note that the tensionless limit q → 1 is equivalent to E = 0 and implies the absence of boundary terms.
AdS space and entanglement The non-holographic calculation of the entanglement entropy between the two Rindler wedges in dS space can arguably be extended to AdS space. Essentially, the idea is to glue together two copies of four-dimensional AdS space along their conformal boundary and formally treat each of these copies as a Rindler wedge. This construction can be implemented by extending the radial AdS coordinate as to run over the whole real line (from minus infinity to infinity). The gluing procedure enhances a Z 2 symmetry and, as a result, the two fully overlapped conformal boundaries become a single domain wall. Next, foliating the two AdS copies as H 2 × w H 2 (this is simply the hyperbolic version of the S 2 × w S 2 foliation used in this paper, where H 2 denotes the two-dimensional hyperbolic space and w is an hyperbolic warp factor), one locates a pair of causally disconnected massive observers at the fixed points of the orbifold singularities H 2 /Z q . The two observers are separated by an infinite distance with the conformal boundary located in the middle. Taking a partial trace over one of the two AdS copies, one obtains the entanglement entropy S E = Area(F )/4G 4 , where Area(F ) is the area of the two minimal surfaces defined by set of fixed points of the two orbifolds H 2 /Z q (one orbifold for each AdS copy). When restricted to a single AdS copy, the Ryu-Takayanagi prescription is recovered.
Multiple boundaries and generalized thermofield states. The Penrose diagram of dS space (see Figure 3 ) is formally the same to that of the eternal AdS black hole [62, 63] , with the two asymptotic AdS boundaries replaced by the two antipodal dS observers, and the black hole singularities replaced by the future and past infinities. Motivated in part by this simple observation, we have proposed that an inertial observer in dS space can be holographically modeled as thermofield double state.
The above dualities relating (maximally extended A)dS gravity and thermofield double CFT states are formulated on manifolds with two boundaries. It is thus natural to consider manifolds with an arbitrary number of disconnected and entangled boundaries, say b of them, and further propose that massive observers can be holographically described by generalized thermofield states For recent and related work on these ideas see [64] [65] [66] [67] . The important point is that the observer back-reaction breaks some of the bulk symmetries, resulting in a residual Z q bulk symmetry that restricts to the boundaries in the form of replica symmetry. The orbifold parameter thus enters as a quantum number labeling the fundamental states building up the composite observer state (5.2),
where the probe limit q → 1 represents only a single point in the full moduli of the bulk theory.
